Abstract. Let f (x 1 , x 2 , . . . , xm) = u 1 x 1 + u 2 x 2 + · · · + umxm be a linear form with positive integer coefficients, and let N f (k) = min{|f (A)| : A ⊆ Z and |A| = k}. A minimizing k-set for f is a set A such that |A| = k and |f (A)| = N f (k). A finite sequence (u 1 , u 2 , . . . , um) of positive integers is called complete if n P j∈J u j : J ⊆ {1, 2, . . . , m} o = {0, 1, 2, . . . , U }, where
Extremal functions for linear forms
Let m ≥ 1 and let f : Z m → R be a real-valued function of m integer variables. For every finite set A of integers, consider the set f (A) = {f (a 1 , a 2 , . . . , a m ) : a 1 , a 2 , . . . , a m ∈ A}.
Let |A| denote the cardinality of the set A. We define the functions A set A with |A| = k is called a k-set. If A is a k-set and |f (A)| = N f (k), then A is called a minimizing k-set for f . If A is a k-set and |f (A)| = M f (k), then A is called a maximizing k-set for f . An important inverse problem in number theory is to compute the extremal functions N f (k) and M f (k), and to classify the minimizing and maximizing k-sets for f . In this paper we study linear forms. A classical example in additive number theory is the linear form f (x 1 , x 2 , . . . , x m ) = x 1 +x 2 +· · ·+x m . In this case, N f (k) = mk − m + 1 and the minimizing k-sets are the arithmetic progressions of length k (Nathanson [ 1 ≤ u 1 < u 2 < · · · < u m . We define the extremal functions
Since the only linear form with m = 1 is f (
For binary forms we have N 2 (2) = 3 and N * 2 (2) = 4. Fix the integer m ≥ 1. For k ≥ 2 and f ∈ LF(m), let A be a k-set such that N f (k) = |f (A)| and let a ′ = max(A) and
Similarly, for fixed k ≥ 2, the extremal functions N m (k) and N * m (k) are strictly increasing in m.
Denote the interval of integers {n ∈ Z : x ≤ n ≤ y} by [x, y] . Given a finite sequence of integers U = (u 1 , u 2 , . . . , u m ), we define the set of subset sums
and n ∈ S(U) if and only if U − n ∈ S(U). The sequence U is called complete if S(U) = [0, U ]. For example, the sequence (1, 2, 3, . . . , m) is complete for all m ≥ 1. The sequence (1, 1, 3) is complete, but the sequence (1, 3) is not complete.
(This is the finite analogue of an infinite complete sequence, which is a sequence U of positive integers such that S(U) contains all sufficiently large integers (cf. Szemerédi-Vu [6] ).)
The sequence U has distinct subset sums if |S(U)| = 2 m , that is, if the conditions I, J ⊆ {1, 2, . . . , m} and i∈I u i = j∈J u j imply that I = J. For example, the sequence (1, g, g 2 , . . . , g k−1 ) has distinct subset sums for every g ≥ 2. 
for integers c = 0 and d. Thus, the function |f (A)| is an affine invariant of A (cf. Nathanson [4] ). The study of inverse problems for m-ary forms is related to the paper [5] , which initiated the comparative study of binary linear forms.
A lower bound for m-ary linear forms
The following result is elementary but fundamental. Lemma 1. Let f : Z m → R be a real-valued function of m integer variables. Let g : Z → R be a strictly increasing function such that
for all integers a < b.
Let ℓ and λ be positive integers with ℓ ≥ 2 such that
for every positive integer k.
. . , a k−1 } be a set of k integers, where
For j = 0, 1, . . . , q − 1, we define the sets
Let A q be the set
. . , q, and
for j = 1, . . . , q, and since the function g is strictly increasing, condition (1) implies
. . , q − 1, and so
The observation that the last inequality is independent of the set A completes the proof.
Lemma 2. Let f ∈ LF(m).
If ℓ and λ are positive integers with ℓ ≥ 2 such that
and so
] for all integers a < b. The result follows from Lemma 1.
Theorem 1. For all positive integers m and k,
For integers a < b and i = 0, 1, . . . , m, we define the integer
Applying Lemma 2 with ℓ = 2 and λ = (m 2 + m + 2)/2, we obtain
To prove that this lower bound is best possible, we consider the linear form
and the finite set
. This completes the proof.
A lower bound for binary and ternary linear forms
and so |f (A)| ≥ 7. There is another strictly increasing sequence of four elements of f (A):
This is possible in only three ways. In the first case, we have
Eliminating a from these equations, we obtain (u
In the second case,
Eliminating b from these equations, we obtain (u 2 −2u 1 )(c−a) = 0 and so 2u 1 = u 2 .
Since gcd(u 1 , u 2 ) = 1, it follows that u 1 = 1 and u 2 = 2, which is also false.
In the third case,
Eliminating a from these equations, we again obtain (u
2 )(c − b) = 0, which is false. It follows that (5) is impossible, and so |f (A)| ≥ 8. Applying Lemma 2 with ℓ = 3 and λ = 8, we obtain
We can improve the constant term by using the more precise inequality (3) in Lemma 1. If r = 0, then µ(A) = 1 and
If r = 1, then µ(A) = N f (2) = 4 and
This completes the proof.
, then N f (2) = 7 or 8, and N f (2) = 8 if and
These inequalities account for seven of the at most eight elements of the set f (A). The remaining element is f (a, b, b) = u 1 b + u 2 b + u 3 a. Since
it follows that N f (2) = 7 if and only if u 1 a + u 2 a + u 3 b = u 1 b + u 2 b + u 3 a. This is equivalent to (u 1 + u 2 − u 3 )(b − a) = 0 or u 1 + u 2 = u 3 . It follows that N * 3 (2) = N f (2) = 7 if and only if u 1 + u 2 = u 3 . Identities (i)-(iv) are straightforward calculations.
Proof. Applying Theorem 1 with m = 3 gives N k (f ) ≥ 6k − 5. By Lemma 3, if f ∈ LF * (3) and u 1 + u 2 = u 3 , then N f (2) = 8. Applying Lemma 2 with ℓ = 2 and
Note that an increasing sequence (u 1 , u 2 , u 3 ) has distinct subset sums if and only if it is strictly increasing and u 1 + u 2 = u 3 .
An inverse problem for linear forms
Let f be a linear form in m variables with positive integral coefficients. The inverse problem for f is to determine the k-minimizing sets for f , that is, to describe the structure of a k-set A such that |f (A)| = N f (k). For example, if f (x 1 , . . . , x m ) = x 1 + · · ·+ x m , then N f (k) = mk − m+ 1, and N f (A) = mk − m+ 1 if and only if A is an arithmetic progression of length k (Nathanson [3, Theorem 1.6]). If f (x 1 , x 2 ) = x 1 + 2x 2 , then Cilleruelo, Silva, and Vinuesa [1] proved that N f (k) = 3k − 2, and N f (A) = 3k − 2 if and only if A is an arithmetic progression. This result generalizes to all m-ary forms whose coefficient sequence is complete. Proof. Since U is complete, it follows that for any integers a and b with a < b we have
Applying Lemma 2 with ℓ = 2 and λ = U + 1, we obtain the lower bound |f (A)| ≥ U k − U + 1, and so N f (k) = U k − U + 1. Since |f ([0, k − 1])| = U k − U + 1 and |f (A)| is an affine invariant of A, it follows that |f (A)| = U k − k + 1 for every arithmetic progression A of length k.
Conversely, let A = {a 0 , a 1 , . . . , a k−1 } be a minimizing k-set for f with a 0 < a 1 < · · · < a k−1 . Since (u 1 , . . . , u m ) is a complete sequence,
We also have
Equation (6) implies that
We want to prove that A is an arithmetic progression. If not, then
. We deduce from inequality (8) that
and so, again by (8),
It follows again from (7) that
Continuing inductively, we obtain
If U = 2U ′ is even, this inequality can be rewritten as
If U = 2U ′ + 1 is odd, inequality (10) becomes
Inequality (8) and set inclusion (7) imply that
In both cases we have
for k = U ′ . Suppose that (11) holds for some k ∈ [2, U ′ ]. Inequality (9) and set inclusion (7) imply that
Continuing downward inductively, we obtain
Since a i−1 + (U − 1)a i+1 < a i + (U − 1)a i+1 , it follows that a i−1 + (U − 1)a i+1 = 2a i + (U − 2)a i+1 , which implies that a i−1 + a i+1 = 2a i . This is a contradiction. Therefore, the minimizing k-set A is an arithmetic progression. This completes the proof.
An upper bound for linear forms
We record here some simple estimates for the maximal function M f (k).
Theorem 5. For all m-ary linear forms f ∈ LF(m) and all positive integers k,
If f ∈ LF * (m), then
If U = {u 1 , u 2 , . . . , u m } is an increasing sequence of positive integers with distinct subset sums, and f (x 1 , . . . , 
6. Open problems By definition, min (E f (k)) = N f (k) and max (E f (k)) = M f (k). For example, if f ∈ LF (2), then E f (2) = [3, 4] , and, by Lemma 3, E f (3) = [4, 8] . When is the set E f (k) an interval of integers? For every linear form f and e ∈ E f (k), let A f (e) be the set of all k-sets A of integers such that |f (A)| = e. Then {A f (e)} e∈E f (k) is a partition of the k-sets of integers. Can one classify the sets in this partition? There are many such questions.
